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Abstract
A particle in quantum mechanics on manifolds couples to the induced
topological gauge field that characterises the possible inequivalent quantiza-
tions. For instance, the gauge potential induced on S2 is that of a magnetic
monopole located at the center of S2. We find that the gauge potential in-
duced on S3 (S2n+1) is that of a meron (generalized meron) also sitting at
the center of S3 (S2n+1).
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1
In recent years, it has been noted in various situations that the topo-
logical gauge structure may be induced upon quantization on topologically
nontrivial manifolds.[1][2][3] This gauge strucure characterises the inequiv-
alent quantizations that are possible on these manifolds. Particularly clear
results are obtained for quantum mechanics on Sn with radius r embedded
in Rn+1.[2]
Let xα (α = 1, 2, . . . , n+ 1) be a homogenious coordinate of R
n+1 and
define the Sn by the constraint
n+1∑
α=1
x2α − r
2 = 0. (1)
We shall represent the observables by the use of the covariant form in Rn+1
that should be projected on the Sn.
Then the fundamental algebra of observables on the Sn is given by [2]
[xα, xβ] = 0, (2)
[xλ, Gαβ] = i (xαδλβ − xβδλα) ,
[Gαβ, Gλµ] = i (δαλGβµ − δαµGβλ + δβµGαλ − δβλGαµ) ,
and the induced gauge potential that appears in this representation has the
form for n ≥ 2


Aj (x) =
1
r(r + xn+1)
n∑
k=1
Sjkxk, (j, k = 1, 2, ...n)
An+1 (x) = 0
, (3)
where Sjk’s are Hermitian matrices of SO (n). These can be written in
SO(n+ 1) covariant form
Aα =
1
r2
n+1∑
β=1
Sαβxβ , (4)
with the constraint on the wave function
1
r
n+1∑
α=1
xαγαψ = ±ψ . (5)
Where γα’s are the Hermitian matrices satisfying the Clifford algebra of the
2
order n + 1 and Sαβ ’s are Hermitian matrices that satisy the Lie algebra of
SO(n+ 1) and can be written as
Sαβ =
1
4i
[γα, γβ] . (6)
The potentials induced in the cases n = 1 and n = 2 can be visualised as
those resulting from a magnetic flux and a magnetic monopole respectively
located at the center of the embedding space. The even n cases for n ≥ 4
were interpreted as the (generalized) instantons,[3] [4]which are the habitants
on Sn. On the other hand, there are no topological interpretations for the
odd n (n ≥ 3) cases, the first question in this respect being “ What is sitting
at the center of S3, S5, S7, . . . ?”. In this note we shall see that the odd n
(n ≥ 3) cases can similarly be considered to be the potentials generated by
the (generalized) merons sitting at the center of the embedding space Rn+1.
Although the meron solutions have singularities, they exist in our picture
outside of the physical Sn, i.e. at the center of Rn+1 wherein the former is
embedded. Thus we can expect the meron effect on the surface. The authors
of ref.[5] have explicitly obtained the generators satisfying the fundamental
algebra in terms of the induced gauge potential and have discovered among
others the zero size instanton for n = 3 at the center of S3. On the other
hand, in ref.[3][4] BPST instantons appear on S2n, n = 2, 3, ..., embedded in
R2n+1 .
In case of S3, the authors of ref.[2] have obtained an induced gauge field,
without argument on topological interpretations. Their gauge field can be
written modulo gauge transformations (in γ5-diagonal represenation) as fol-
lows,
Aµ =
1
r2
Sµνxν =
1
r2
(
σµν 0
0 σµν
)
xν , (7)
where Sµν ’s (µ, ν = 1, 2, 3, 4) are the generators of the SO (4) and
σij = σij =
1
2
ǫijkτk, σi4 = −σi4 =
1
2
τi (τi : Pauli matrices) . (8)
Introducing the four component spinor
ψ =
(
ψR
ψL
)
, (9)
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where
ψ
R
L
=
1± γ5
2
ψ,
the constraint (5) reduces to
ψL = ±g
−1(x)ψR, (10)
where
g(x) =
(x4 − i~x · ~τ)
r
(
r =
√
x21 + x
2
2 + x
2
3 + x
2
4
)
. (11)
Thus our wave functions are essentialy two component spinors and we can
rewrite (7) as
Aµ =
1
r2
σµνxν , (12)
or
Aµ =
1
r2
σ¯µνxν , (13)
which can be considered as SU(2) Yang-Mills (Y-M) gauge fields. Note that
there is a case of the trivial gauge field modulo gauge transformations
Aµ = 0, (14)
We shall clarify that we can regard these configurations as topologically
nontrivial objects in the embedding space R4. These gauge fields can be con-
sidered as SU (2) gauge fields in R4 space and they satisfy the Y-M equation
in the embedding space.
Recall that the field equation
Dµfµν = ∂µfµν − i [aµ, fµν ] = 0, (15)
for the 4-dimensional Euclidean SU (2) Y-M theory has instanton solutions,[6]
the instanton number of which is
Q =
1
16π2
∫
tr
(
fµν f˜µν
)
d4x = 0,±1,±2, . . . , (16)
due to Π3 (SU(2)) = Z. The Q = 0 case corresponds to the trivial solution
with
aµ = 0 , (17)
4
the single instanton solution (Q = 1) can be written as
aµ =
2
r2 + λ2
σµνxν , (18)
and we also have the multi-instanton solutions with Q = m.
In addition to these, there is a solution of Y-M equation called “meron”
aµ =
1
r2
σµνxν , (19)
which has half an instanton number.[6]
Let us now consider each cases of induced gauge fields separately. First
we consider the case of (14) Aµ = 0. This is a trivial configuration, however,
we note that we are concerned with the SU(2) gauge fields and in addition to
the small gauge transformations there are large gauge transformations, that
can change the instanton number. The large gauge tansformation with the
winding number 1 is
g(x) =
(x4 − i~x · ~τ)
r
,
while those with the winding number m are
gm (x) (m = ±1,±2, . . .) .
Thus we can have the induced gauge fields due to large gauge transformation
Aµ = ig
−1(x)∂µg(x), (20)
which could be considered as the λ→ 0 limit of an instanton or two merons
sitting at r = 0. This is the configuration found in ref.[5] and the instanton
number inside the S3 is
Qinside = 1. (21)
Next we consider the case of (12)5
Aµ =
1
r2
σµνxν .
5Note that (13) can be considered as the case of m = −1 in (27).
5
In fact this is the meron solution inferred in (19), the instanton density of
which is 1
2
δ (r) . This field is specified by the instanton number
Qinside =
1
2
. (22)
Thus in general
Aµ = 0 + (large gauge trans.) , (23)
can be expressed as
Aµ = ig
−m(x)∂µg
m(x), (24)
and
Qinside = m . (25)
On the other hand,
Aµ =
1
r2
σµνxν + (large gauge trans.) , (26)
reduces to
Aµ = g
−m(x)
1
r2
σµνxνg
m(x) + ig−m(x)∂µg
m(x), (27)
and
Qinside =
1
2
+m. (28)
This argument can of course be generalized to S2n−1 (n ≥ 2) . We again
have two cases with
Aµ = iG
−m∂µG
m, (29)
Qinside = m, (30)
and
Aµ = G
−m 1
r2
ΣµνxνG
m + iG−m∂µG
m, (31)
Qinside =
1
2
+m, (32)
where, Σµν is the generator of SO (2n), which can be expressed in terms of
Γµ (µ = 1, 2, ..., 2n) satisfying the Clifforg algebra of order 2n as
Σµν =
1
4i
(
1 + Γ2n+1
2
)
[Γµ,Γν ] . (33)
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G is large gauge transformation that follows from nontriviality of Π2n−1 (SO(2n)) .
m = 0 case of (31) is nothing but the (generalized) meron solution [7] of YM
theory in R2n.
To summarize, the induced gauge fields for quantum mechanics on S2n−1
(n ≥ 2) can be considered to be generated by merons (anti-merons) sitting
at the center (r = 0) of R2n where our S2n−1 is embedded. The gauge fields
are specified by the instanton number Qinside =
m
2
(m:integer). For even m
, Fµν = 0 on S
2n−1, but for odd m, Fµν 6= 0 even on S
2n−1.
To see the physical effect to a particle on S3 of a meron at the center, let
us consider a quantum mechanical phase factor
P exp
[
i
∮
Aµdx
µ
]
, (34)
for the closed loop. To be specific we consider the case x4 = 0, i.e. the closed
loop inside S2 (x21 + x
2
2 + x
2
3 = r
2). In the region x4 = 0 the meron solution
Aµ =
1
r2
σµνxν , (35)
reduces to the Wu-Yang monopole
Ai =
1
2r2
ǫijkxjτk, (36)
with the magnetic charge g = 1/2e. Thus the phase factor is fixed by the
magnetic flux going through the loop on S2 that comes from the monopole.
A particle on S3, moving in the region of x4 = 0, is under the same effect
as a particle on S2 with a monopole of the magnetic charge g = 1/2e. On
the other hand, for quantum mechanics on S3 with an instanton(2-merons)
at the center, no physical effect is expected on S3 at least for x4 = 0, since
no magnetic flux pierces through S2.
Recent investigations have revealed a close connection between the quan-
tum mechanically induced gauge potentials on manifolds on one hand and the
so called topological terms appearing in field theories on the other.[8][9][10]
Actually, the Hopf term in the 2+1 dimensional O(3) nonlinear sigma model
in R2-space has been shown [8][9] to be an effect of quantum mechanics on S1,
while the Wess-Zumino term in the chiral model defined in 1+ 1 dimensions
can be understood [10] as the Dirac monopole potential that is induced on
S2. It is interesting to note that O(3) nonlinear sigma model on S2 space [8]
7
were shown to be described by quantum mechanics on S3 where the merons
studied in this note should play a role.
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